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Optimization of a Neutron-Spin Test of the Quantum Zeno Effect
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A neutron-spin experimental test of the quantum Zeno effect (QZE) is discussed from a practical
point of view, when the nonideal efficiency of the magnetic mirrors, used for filtering the spin state,
is taken into account. In the idealized case the number N of (ideal) mirrors can be indefinitely
increased, yielding an increasingly better QZE. By contrast, in a practical situation with imperfect
mirrors, there is an optimal number of mirrors, Nopt, at which the QZE becomes maximum: more
frequent measurements would deteriorate the performance. However, a quantitative analysis shows
that a good experimental test of the QZE is still feasible. These conclusions are of general validity:
in a realistic experiment, the presence of losses and imperfections leads to an optimal frequency
Nopt, which is in general finite. One should not increase N beyond Nopt. A convenient formula
for Nopt, valid in a broad framework, is derived as a function of the parameters characterizing the
experimental setup.
PACS numbers: 03.65.Xp
I. INTRODUCTION
If very frequent measurements are made on a quan-
tum system in order to ascertain whether it is still in the
initial state, its evolution is slowed down and eventually
totally hindered in the limit of infinite frequency. This is
the quantum Zeno effect (QZE) [1, 2, 3], that was consid-
ered little more than a curiosity until the experimental
confirmations by Itano et al. [4] (that followed a theo-
retical proposal by Cook [5]) and by Raizen’s group in
Texas [6]. This last experiment has proved the existence
of the QZE for bona fide unstable systems and the occur-
rence of the inverse QZE, i.e., acceleration of decay by
repeated (not extremely frequent) measurements [7]. The
temporal behavior of quantum mechanical systems and
in particular the nonexponential features at short times,
on which QZE and inverse QZE hinge, are reviewed in
Ref. [3].
We are now going through a phase of experimental ver-
ification of the QZE. It is therefore important to under-
stand the physical meaning of “infinitely” frequent mea-
surements, focusing on practical applications, imperfec-
tions of the apparatus and experimental losses as well as
theoretical bounds. Some of these problems were tackled
in Ref. [8]. In this article, we reconsider a proposal of an
experimental test of the QZE that makes use of neutron
spin [9]. In view of the recent progress in perfect crystal
neutron-storage technology [10, 11], it is necessary to in-
vestigate the physical properties of a Zeno setup, focusing
in particular on practical limits.
In this article we will study the practical imperfections
in the spectral decomposition. In a few words, a “spec-
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tral decomposition” a` la Wigner [12] is a unitary process
that associates additional degrees of freedom to different
values of the observable to be measured. In this sense,
it yields no wave-function collapse. It is known, and will
be reviewed in Sec. II, that a frequent series of spec-
tral decompositions is sufficient in order to obtain a QZE
[3, 9, 13].
In the proposed neutron-spin experimental test of the
QZE [9], the spectral decomposition is realized by a mag-
netic mirror, with its inevitable imperfections, leading to
nonideal efficiency. The main purpose of this article is
to quantitatively analyze the consequences of these im-
perfections: clearly, they tend to deteriorate the perfor-
mance of the experimental setup; yet, for reasonable val-
ues of the experimental parameters [10, 11], a good test
is still clearly feasible with high efficiency. This will be
shown in Sec. III, where we will determine an optimum
value Nopt of the frequency of measurements: more fre-
quent measurements would simply deteriorate the overall
performance of the setup, masking the QZE. These con-
clusions are of general validity: the presence of losses
and imperfections always leads to an optimal frequency,
which is in general finite. Our analysis will be extended
and generalized in Sec. IV to an arbitrary lossy quantum
Zeno experiment, and a convenient formula for Nopt will
be derived. We summarize our results in Sec. V.
II. NEUTRON-SPIN TEST OF THE QZE WITH
IDEAL MIRRORS
Let us first briefly review the original proposal of the
neutron spin test of the QZE [9]. The basic setup is
shown in Fig. 1(a). We prepare, equally spaced along
the y axis, N identical regions in each of which a static
magnetic field B is applied in the x direction. A neu-
tron wave packet, whose initial spin is oriented in the z
direction, travels along the y axis and undergoes a spin
rotation at each interaction with the magnetic field, ac-
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FIG. 1: (a) Basic setup for the neutron-spin test of QZE. We
set t/τZ = pi/2, so that 2θ = pi. (b) Neutron-spin test of QZE
with ideal mirrors.
cording to the Hamiltonian
H = µBσx, (2.1)
µ being the neutron magnetic moment and σi (i = x, y, z)
the Pauli matrices. The initial state of the incident neu-
tron is |S0〉 = |↑〉 (spin up along the z direction). The
final state, after crossing the N regions with the magnetic
fields, reads
|S(t)〉 = e−iHt/h¯|↑〉 = cos µBt
h¯
|↑〉 − i sin µBt
h¯
|↓〉, (2.2)
where t is the total time spent in the magnetic field and
we have ignored, for simplicity, the spatial degrees of free-
dom of the neutron. By defining
θ =
µBt
h¯
=
t
τZ
, (2.3)
where τZ (= h¯〈↑|H2|↑〉−1/2 in this case) is the so-called
Zeno time and 2θ the classical precession angle of the
spin, the survival probability of the initial state |↑〉 reads
P (θ) = |〈↑|e−iHt/h¯|↑〉|2 = cos2θ. (2.4)
Notice that if Bt is adjusted so as to satisfy
θ =
pi
2
, (2.5)
the spin is completely flipped
|S(t)〉 = e−iHt/h¯|↑〉 = −i|↓〉. (2.6)
In this case the survival probability of the initial state
|↑〉 vanishes
P (θ) = 0. (2.7)
This situation, shown in Fig. 1(a), is that usually consid-
ered in the literature. However, the whole analysis that
follows identically applies to the general case (2.3)–(2.4).
Let us now check, at every step, whether the spin has
remained in the initial state |↑〉 despite the spin rotation
in the B-field. To this end, we insert N magnetic mirrors
after every B-region, as in Fig. 1(b). The incident neu-
tron undergoes N “spin-measurements” until it reaches
the detector D. At each step, if the spin state remains up,
the neutron is transmitted through the mirror and keeps
traveling right, otherwise it is reflected out by the mirror.
Detector D counts those neutrons that have “survived”
at each of these N “measurements,” so that the detection
probability at D is nothing but the survival probability
of the initial state |↑〉.
As clarified in Refs. [3] and [9], the insertion of a mir-
ror does not represent a measurement of the spin state;
it just constitutes a generalized spectral decomposition
(GSD) in Wigner’s sense [12], namely a (unitary) physical
process that associates an “external” degree of freedom
(whose role is played here by the wave packet of the neu-
tron) to different values of the observable to be measured
(the neutron spin): a frequent sequence of GSD is suffi-
cient for the occurrence of a QZE. In a magnetic field,
the spin state of the incident neutron is changed from
the initial one |↑〉 to e−iHt/Nh¯|↑〉 and the neutron is then
decomposed by the mirror into two branch waves: the
spin-up component going rightward and the spin-down
one going upward in Fig. 1(b). The state of the neutron
just after the first mirror is hence given by
|ψ1〉 = T e−iHt/Nh¯|↑〉⊗ |t1〉+Re−iHt/Nh¯|↑〉⊗ |r1〉, (2.8)
where the spectral decomposition with respect to the spin
state is expressed in terms of the projection operators
T = |↑〉〈↑|, R = |↓〉〈↓| (2.9)
and |tn〉 and |rn〉 are the transmitted and reflected wave
packets after the nth mirror [and before the (n + 1)th
magnetic field], representing the spatial degrees of free-
dom of the neutron. Repeating these operationsN times,
we obtain the final state of the neutron
|ψN 〉 = (T e−iHt/Nh¯)N |↑〉 ⊗ |tN 〉
+
N∑
n=1
Re−iHt/Nh¯(T e−iHt/Nh¯)n−1|↑〉 ⊗ |rn〉,
(2.10)
so that the probability for the neutron to be detected at
detector D, i.e., the survival probability of the initial spin
state |↑〉, reads
P (N)(θ)
= |{〈↑| ⊗ 〈tN |}|ψN 〉|2 = |〈↑|(T e−iHt/Nh¯)N |↑〉|2
= |〈↑|e−iHt/Nh¯|↑〉|2N =
(
cos
θ
N
)2N
, (2.11)
3where we have made use of Eq. (2.3) (within our ap-
proximations, the total duration of the experiment is t,
with or without magnetic mirrors). Under the condition
(2.5) (and in general for θ < pi/2), this is nonvanishing
for any N ≥ 2 and is an increasing function of N . Fre-
quent “checks” of the spin state slow down the evolution
of the initial state |↑〉: the survival probability P (N)(θ)
increases with the frequency of “measurements.” This is
a QZE. Furthermore, in the limit of infinite frequency,
lim
N→∞
P (N)(θ) = 1 (θ fixed), (2.12)
i.e., the spin is frozen and ceases to evolve, in agreement
with the theorem by Misra and Sudarshan [2].
An experiment is at present being performed [11] by
making use of a recently developed neutron storage tech-
nique [10]. Neutrons with a well-defined energy and in a
given spin state are stored in a 1m long perfect crystal
resonator. The neutrons, at the given energy, satisfy the
Bragg reflection condition and bounce back and forth be-
tween the two slabs at both ends of the silicon crystal.
(At present, neutrons can be reflected a few thousands
times with small losses [10, 11].) In the central part of
the resonator, a spin-rotating RF field will be applied,
playing the role of the magnetic field in Fig. 1.
The Zeno effect can be obtained as follows. A neu-
tron whose wavelength satisfies the Bragg condition is
reflected back by the crystal. However, if a magnetic
field is applied at one of the crystal slabs, yielding dif-
ferent potentials for different spin states of the neutron,
the neutrons are selected according to their spin state:
if, say, a spin-up neutron satisfies the Bragg condition at
a plate, the neutron is reflected back and kept inside the
resonator; if, on the other hand, the spin is flipped by
the spin-rotating RF field, its wavelength does not meet
the Bragg condition and the neutron is transmitted out
of the resonator. The crystal plates with the magnetic
fields play therefore the role of the “magnetic mirrors”
in Fig. 1(b), performing the GSDs. Hence, in this exper-
imental setup, the probability for the neutron to remain
in the storage apparatus is the survival probability of the
initial spin state.
It should be clear by now that it is of primary impor-
tance to analyze the effect of losses and imperfections, in
order to understand whether the experiment is still mean-
ingful in a realistic situation. Notice that the number N
of traverses and interactions should be very large, in or-
der to get a good manifestation of the QZE. This, on the
other hand, entails a dramatic (exponential) propagation
of “errors.” This will be investigated in the following two
sections.
III. NEUTRON-SPIN TEST OF THE QZE WITH
NON-IDEAL MIRRORS
Losses are unavoidable in real experiments and must
be duly taken into account. A magnetic mirror, for exam-
|↑〉 T↑|↑〉
R↑|↑〉
|↓〉 T↓|↓〉
R↓|↓〉
(a) (b)
FIG. 2: Transmission and reflection coefficients for (a) a spin-
up neutron and (b) a spin-down neutron.
ple, is not ideal, as tacitly assumed in the previous sec-
tion. It has a nonvanishing probability of failing to cor-
rectly decompose the spin state. Assume that the mag-
netic mirror has transmission T↑(↓) and reflection R↑(↓)
coefficients for a spin-up (spin-down) neutron (Fig. 2).
(They are in general complex valued and constrained by
|T↑(↓)|2 + |R↑(↓)|2 = 1.) We assumed in the previous sec-
tion that |T↑| = |R↓| = 1 and R↑ = T↓ = 0, but this is
not the case for actual magnetic mirrors. So the question
arises as to whether (and to which extent) it is possible to
observe the QZE with non-ideal mirrors. In other words,
whether the QZE still takes place if the “measurements”
(i.e., the spectral decompositions) are imperfect.
At the nth (non-ideal) mirror, the spin-up component
of a neutron, |↑〉 ⊗ |tn−1〉, is split into two waves
|↑〉 ⊗ |tn−1〉 → |↑〉 ⊗
(
T↑|tn〉+R↑|rn〉
)
(3.1a)
and a similar expression holds for the spin-down compo-
nent
|↓〉 ⊗ |tn−1〉 → |↓〉 ⊗
(
T↓|tn〉+R↓|rn〉
)
. (3.1b)
(No spin-flip is assumed to occur at the magnetic mirror.
The most general case, where such spin-flips take place, is
investigated in the Appendix.) The right arrows in Eqs.
(3.1) and in the following stand for the (unitary) physical
processes that are responsible for the spectral decompo-
sition. Hence for a neutron in a general spin state |S〉,
the magnetic mirror provokes the following spectral de-
composition
|S〉 ⊗ |tn−1〉 ≡
(
c↑|↑〉+ c↓|↓〉
)
⊗ |tn−1〉
→
(
c↑T↑|↑〉+ c↓T↓|↓〉
)
⊗ |tn〉
+
(
c↑R↑|↑〉+ c↓R↓|↓〉
)
⊗ |rn〉
= T˜ |S〉 ⊗ |tn〉+ R˜|S〉 ⊗ |rn〉, (3.2)
where the operators
T˜ = |↑〉T↑〈↑|+ |↓〉T↓〈↓|, R˜ = |↑〉R↑〈↑|+ |↓〉R↓〈↓| (3.3)
incorporate the effects due to the imperfections of the
mirror. These operators T˜ and R˜, even though they are
4no longer projection operators, play the same role as the
projection operators T and R in the ideal case (2.8)–
(2.9). The final state of the neutron after the final (Nth)
magnetic mirror is given by
|ψ˜N 〉 = (T˜ e−iHt/Nh¯)N |↑〉 ⊗ |tN 〉
+
N∑
n=1
R˜e−iHt/Nh¯(T˜ e−iHt/Nh¯)n−1|↑〉 ⊗ |rn〉
(3.4)
and the probability for the neutron to be detected at
detector D reads
P˜ (N)(θ) = ‖〈tN |ψ˜N 〉‖2
= tr[(T˜ e−iHt/Nh¯)Nρ0(eiHt/Nh¯T˜ †)N ], (3.5)
where ρ0 = |↑〉〈↑| is the initial density operator of the
neutron spin. [The spin state observed at the detector
is not necessarily |↑〉; it is the probability (3.5) that one
measures in the actual experiment.]
Let us evaluate the probability (3.5). The eigenvalues
ξ±(N) of the operator
T˜ e−iHt/Nh¯
=
1
2
(T↑ + T↓) cos
θ
N
− σx i
2
(T↑ + T↓) sin
θ
N
+ σy
1
2
(T↑ − T↓) sin θ
N
+ σz
1
2
(T↑ − T↓) cos θ
N
(3.6)
are given by
ξ±(N) =
1
2
[
(T↑ + T↓) cos
θ
N
±
√
(T↑ + T↓)2 cos2
θ
N
− 4T↑T↓
]
.
(3.7)
[The eigenvalues ξ±(N) will henceforth be written ξ±,
unless confusion arises.] By rewriting the operator (3.6)
as
T˜ e−iHt/Nh¯ = 1
2
(ξ+ + ξ−) +
1
2
(ξ+ − ξ−)σn, (3.8)
where σn = n · σ, n being a complex-valued vector sat-
isfying n2 = n2x + n
2
y + n
2
z = 1, we readily obtain
(T˜ e−iHt/Nh¯)N = 1
2
(ξN+ + ξ
N
− ) +
1
2
(ξN+ − ξN− )σn. (3.9)
A series of elementary calculations yields the following
exact expression for the probability
P˜ (N)(θ)
=
∣∣∣∣A(N)−B(N)T↓ cos θN
∣∣∣∣
2
+
∣∣∣∣B(N)T↓ sin θN
∣∣∣∣
2
,
(3.10)
with
A(N) =
ξN+1+ (N)− ξN+1− (N)
ξ+(N)− ξ−(N) , (3.11a)
B(N) =
ξN+ (N)− ξN− (N)
ξ+(N)− ξ−(N) . (3.11b)
We are now in a position to see whether it is possible
to observe the QZE with non-ideal mirrors. In order to
analyze its N -dependence, let us expand the probability
(3.10) as a function of |T↓/T↑| ≪ 1. (In the experiment
[10], |T↓/T↑|2 <∼ 10−4.) For any N ≥ 2, the eigenvalues
in Eq. (3.7) are expanded as
ξ+ ≃ T↑ cos θ
N
[
1− T↓
T↑
tan2
θ
N
+O(T 2↓ /T
2
↑ )
]
, (3.12a)
ξ− ≃ ξ+
[
T↓
T↑
(
1 + tan2
θ
N
)
+O(T 2↓ /T
2
↑ )
]
, (3.12b)
from which one obtains
A(N) = ξN+
[
1 +
ξ−
ξ+
+ · · ·+
(
ξ−
ξ+
)N]
≃
(
T↑ cos
θ
N
)N
×
[
1− T↓
T↑
(
(N − 1) tan2 θ
N
− 1
)
+ · · ·
]
(3.13)
and a similar expansion holds for B(N). We thus eas-
ily obtain an approximate expression for the probability
(3.10)
P˜ (N)(θ) ≃ |T↑|2N
(
cos
θ
N
)2N
×
[
1− 2Re
(
T↓
T↑
)
(N − 1) tan2 θ
N
+ · · ·
]
,
(3.14)
valid for N ≥ 2. [For N = 1, P˜ (N)(θ) = sin2θ |T↓|2 +
cos2θ |T↑|2 exactly.] It is clear from formula (3.14) that
the probability P˜ (N)(θ) is well approximated by
P˜ (N)(θ) ≃ |T↑|2N
(
cos
θ
N
)2N
. (3.15)
This shows that neither the transmission coefficient T↓
for a spin-down neutron, nor the phases of T↑ and T↓
bear any important influence on the probability P˜ (N)(θ);
the only relevant quantity is the transmission probabil-
ity |T↑|2. Since |T↑|2 ≃ 1, for N not too large the factor
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FIG. 3: (a) T↑-dependence and (b) T↓-dependence of the probability P˜
(N)(θ) in Eq. (3.10). In both figures, arg T↑ = arg T↓ = 0.
|T↑|2N is almost unity and the probability P˜ (N)(θ) be-
haves like
P˜ (N)(θ) ≃
(
cos
θ
N
)2N
(N not too large). (3.16)
This is the same as the survival probability with ideal
mirrors given in Eq. (2.11), and is an increasing function
of N . However, for larger N , the factor [cos(θ/N)]2N is
almost unity, and the probability behaves like
P˜ (N)(θ) ≃ |T↑|2N (larger N), (3.17)
decreasing exponentially to zero as N → ∞: as the
number of mirrors, N , is increased, the mirror imper-
fections (|T↑|2N < 1) dominate over the increasing fac-
tor [cos(θ/N)]2N , suppressing the QZE for very large N .
(Clearly, the meaning of “large” N in the two preceding
equations must be precisely defined. This will be done in
the following.)
There must be therefore an optimal number of mir-
rors, Nopt, in order to observe the QZE if the losses in
the “measurement” processes (spectral decompositions)
are taken into account. In Fig. 3, the probability P˜ (N)(θ)
computed according to the exact expression (3.10) is plot-
ted as a function of N for a few values of the transmission
coefficients T↑ and T↓. The figures corroborate the pre-
vious discussion. The QZE can be observed even with
non-ideal mirrors, if N is not too large, namely if one
does not “check” the system’s state too frequently: this is
good news from an experimental point of view, since one
need not and should not attempt to indefinitely increase
the number of mirrors (or reflections in the neutron res-
onator experiment) in order to achieve an optimal QZE.
Notice also that the probability P˜ (N)(θ) significantly de-
pends on T↑, but displays almost no dependence on T↓.
It is possible to estimate the optimal number of “mea-
surements,” Nopt, yielding the maximum probability
P˜ (Nopt)(θ). This can be done from the approximate for-
mula (3.15) as follows. For actual magnetic mirrors, |T↑|2
TABLE I:Nopt from Eq. (3.18) and P˜
(Nopt)(θ) from Eq. (3.19)
versus |T↑|
2. The exact values, obtained from Eq. (3.10) with
|T↓|
2 = 0, are indicated in parentheses.
|T↑|
2 Nopt P˜
(Nopt)(θ)
0.99 16 (16) 0.69 (0.73)
0.999 50 (50) 0.90 (0.91)
0.9999 157 (157) 0.97 (0.97)
is almost unity (a reasonable value of 1 − |T↑|2 is of or-
der 10−4 [10]) and Nopt is expected to be large. The
maximum of the function f(x) = ax cosx(2θ/x), with
a <∼ 1, is given by one of the solutions of the equation
a cos(2θ/x) = exp[−(2θ/x) tan(2θ/x)] and is approxi-
mately xopt ≃ 2θ/
√
ln a−2. Applying this result to the
probability (3.15) one obtains
Nopt ≃
[
θ√
1− |T↑|2
]
(|T↑|2 ≃ 1), (3.18)
where [x] is the closest integer to x. The maximum is
then readily evaluated
P˜ (Nopt)(θ) ≃ 1− 2θ
2
Nopt
(Nopt ≫ 1) (3.19a)
≃ 1− 2θ
√
1− |T↑|2 (|T↑|2 ≃ 1). (3.19b)
Some values of Nopt and P˜
(Nopt)(θ) estimated with Eqs.
(3.18) and (3.19), respectively, are listed in Table I for
some |T↑|2. The agreement with the numerical results
shown in Fig. 3, based on the exact formula (3.10), is
excellent [except for |T↑|2 = 0.99, where P˜ (Nopt)(θ) differs
by about 5%].
Notice that for 1−|T↑|2 ∼ 10−4 [10], the estimated op-
timal number is Nopt = 157, which is much smaller than
the so-far achievable number of traverses Nmax ∼ 4000
6in the experiment [10, 11]; yet the survival probability
P˜ (Nopt)(θ) ≃ 0.97 is already very close to unity. This
estimate shows that a good test of the QZE can be per-
formed in this case.
Of course, actual experiments suffer from other losses
than those considered here. However, such additional
losses can be taken into account (to a large extent),
by duly renormalizing the transmission probability |T↑|2.
We therefore expect that the present analysis essentially
maintains its validity. For example, if the maximum
number of traverses in a neutron-spin test of the QZE
is of order Nmax ≃ 4000, one can roughly estimate that
1 − |T↑|2 ∼ losses ≃ 1/4000. This yields Nopt ≃ 99 and
P˜ (Nopt)(θ) ≃ 0.95, a very reasonable value.
IV. QZE WITH NON-IDEAL MEASUREMENTS:
GENERAL FRAMEWORK
It is possible to extend the conclusions of the preced-
ing section to a broader framework, by making use of
the well-known characteristics of the QZE (short-time
behavior of the evolved wave function) and of some sen-
sible assumptions regarding the GSD. Assume that N
is large and the losses small, so that the quantum Zeno
survival probability be given by an expression of the type
(3.14)–(3.15),
P˜ (N)(θ) ≃ [L(t1/N)]N [p(t2/N)]N (t1 + t2 = t = τZθ),
(4.1)
where the factor L represents losses (due to imperfect
transmission, measurements, and so on), while p is the
survival probability of the quantum system in its initial
state. We require that
0 ≤ L(t), p(t) ≤ 1. (4.2)
Equations (4.1)–(4.2) describe the Zeno survival prob-
ability in an experiment in which a quantum evolution
followed by a lossy spectral decomposition is repeated N
times. In short, the system spends a time t2 evolving un-
der the action of a given Hamiltonian H and a time t1 in
GSDs. (We notice that t2 plays the same role as t of the
previous section, where the GSD time t1 was neglected.)
We will write
tj = αjt, αj > 0 (j = 1, 2), α1 + α2 = 1. (4.3)
The quantum mechanical survival probability has the
following short-time expansion [3]
p(t) ∼ 1− t
2
τ2Z
(t < τZ), (4.4)
where τZ is the Zeno time. Notice that in general (and
in particular for bona fide unstable systems) the above
equation is valid on a (much) shorter timescale than τZ,
but this will not be discussed here: see [14] and the last
paper in [7].
We assume in general that
L(t) ∼ a+ bt+ ct2, 0 ≤ a ≤ 1 (small t). (4.5)
When a = 1, the GSD is very effective and losses appear
on a timescale of order |b|−1. By contrast, when a < 1,
losses are “instantaneous” and have serious consequences
on a realistic test of the QZE. (Notice that the above
formula includes the case in which L is independent of t,
when b = c = 0.)
The strategy is to maximize ln P˜ (N)(θ) in Eq. (4.1) as
a function of N , at fixed t1 and t2. We get
d
dN
ln P˜ (N)(θ) = lnL(t1/N) + ln p(t2/N)
− t1L
′(t1/N)
NL(t1/N)
− t2p
′(t2/N)
Np(t2/N)
= 0,
(4.6)
where the prime denotes derivative with respect to the
whole argument. By expanding for large N , according to
Eqs. (4.4) and (4.5), this yields
τ−1opt ≡
Nopt
t
≃ α2
τZ
√
ln a−1
√
1− τ2Z
(
α1
α2
)2(
c
a
− b
2
2a2
)
.
(4.7)
Plugging this result into (4.4), (4.5), and (4.1), we ob-
tain
P˜ (Nopt)(θ)
∼
[
a+ b
t1
Nopt
+ c
(
t1
Nopt
)2]Nopt[
1−
(
t2
τZNopt
)2]Nopt
≃ aNopt exp
(
b
a
t1 +
c
a
t21
Nopt
− 1
2
b2
a2
t21
Nopt
− t
2
2
τ2ZNopt
)
≃ a2Nopt exp
(
b
a
t1
)
, (4.8)
where we used (4.7) in the last equality. The factor a2Nopt
is due to the two (almost equal) terms L and p in (4.1),
each contributing aNopt . Equations (4.7) and (4.8) are
the main results of this section and express the optimal
frequency of GSDs, τ−1opt, and the maximal survival prob-
ability P˜ (Nopt)(θ) as a function of the parameters char-
acterizing the system and the apparatus.
Let us look at some particular cases. If a → 1 (and
∀b, c), corresponding to (almost) lossless GSDs, τopt → 0
and one gets the usual QZE, with no limitations on the
frequency of GSDs: infinitely frequent GSDs slow down
the evolution away from the initial quantum state. How-
ever, due to the presence of losses, the survival proba-
bility is not unity, even in the limit of infinitely frequent
GSDs:
P˜ (Nopt)(θ) = P˜ (∞)(θ) = exp (−|b|t1) (a→ 1), (4.9)
where we took into account the fact that b < 0 due to
(4.2) and a = 1. This result is intuitively clear: due
7to the presence of linear losses in t in (4.5), one can-
not hope that the Zeno mechanism can work better than
(4.9). It is worth noticing that there are analogies be-
tween this approach and interesting work by Berry and
Klein on twisted stacks of light polarizers [15]. It should
be emphasized that the practical limits one has to face
in the case of very frequent “pulsed” measurements (N
large) are encompassed when one considers “continuous”
measurement processes, due to a Hamiltonian interaction
with an external system playing the role of apparatus.
This is relevant in the light of the physical equivalence
between the “pulsed” and “continuous” formulations of
the QZE [16].
If, on the other hand, a <∼ 1, corresponding to instan-
taneous losses, occurring on a GSD timescale (that we
assume to be much shorter than any other timescale:
t1 ≪ t2 ≃ t, or α1 ≪ α2 ≃ 1), Eq. (4.7) yields
Nopt ≃ t
τZ
√
ln a−1
≃ t
τZ
√
1− a . (4.10)
This is the case considered in the previous section: if one
recalls the definition of θ in (2.3) and identifies a = |T↑|2,
one recovers (3.18). In this case the survival probability
(4.8) reduces to (3.19).
Equations (4.7) and (4.8) enable one to look at the
“lossy” Zeno phenomenon from a more general perspec-
tive. Clearly, in any physical situation, the optimal fre-
quency (4.7) to obtain a QZE is smaller than ∞ and the
optimal survival probability (4.8) is smaller than 1.
V. SUMMARY
We have discussed a neutron-spin experimental test of
the QZE from a practical point of view, taking account of
the inevitable imperfection in the GSD at the magnetic
mirror. We endeavored to clarify that losses are impor-
tant, but do not make an experimental test of the QZE
unrealistic. This is probably somewhat at variance with
expectation, for losses exponentially propagate in a Zeno
setup, involving N repetitions of one and the same GSD.
However, we have seen that, if duly taken into account,
the disruptive effect of losses can be controlled and an
interesting test is still feasible for rather large values of
N . This is a positive conclusion, from an experimental
perspective. Our conclusions are of general validity for
any practical test of the QZE.
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APPENDIX: SPIN-FLIP EFFECTS AT THE
MAGNETIC MIRRORS
In practice, one cannot exclude the possibility that a
spin-flip occurs at the magnetic mirrors. This effect in-
troduces additional mistakes and was neglected in Sec.
III. In this Appendix, we take it into account and clarify
its role in the QZE.
The effects of the nth magnetic mirror on a spin-up
and a spin-down neutron read
|↑〉 ⊗ |tn−1〉 →
(
T↑↑|↑〉+ T↓↑|↓〉
)
⊗ |tn〉
+
(
R↑↑|↑〉+R↓↑|↓〉
)
⊗ |rn〉 (A.1)
and
|↓〉 ⊗ |tn−1〉 →
(
T↓↓|↓〉+ T↑↓|↑〉
)
⊗ |tn〉
+
(
R↓↓|↓〉+R↑↓|↑〉
)
⊗ |rn〉, (A.2)
respectively, where T↓↑, T↑↓ (R↓↑, R↑↓) are the prob-
ability amplitudes for spin-flips when the neutron is
transmitted (reflected), and the two constraints |T↑↑|2 +
|T↓↑|2+ |R↑↑|2+ |R↓↑|2 = 1 and |T↓↓|2+ |T↑↓|2+ |R↓↓|2+
|R↑↓|2 = 1 hold. Hence the action of the magnetic mirror
on a neutron in a general spin state |S〉 reads
|S〉 ⊗ |tn−1〉 ≡
(
c↑|↑〉+ c↓|↓〉
)
⊗ |tn−1〉
→
[
c↑
(
T↑↑|↑〉+ T↓↑|↓〉
)
+ c↓
(
T↓↓|↓〉+ T↑↓|↑〉
)]
⊗ |tn〉
+
[
c↑
(
R↑↑|↑〉+R↓↑|↓〉
)
+ c↓
(
R↓↓|↓〉+R↑↓|↑〉
)]
⊗ |rn〉
= T˜ |S〉 ⊗ |tn〉+ R˜|S〉 ⊗ |rn〉, (A.3)
where
T˜ = |↑〉T↑↑〈↑|+ |↑〉T↑↓〈↓|+ |↓〉T↓↑〈↑|+ |↓〉T↓↓〈↓|, (A.4a)
R˜ = |↑〉R↑↑〈↑|+|↑〉R↑↓〈↓|+|↓〉R↓↑〈↑|+|↓〉R↓↓〈↓|. (A.4b)
Compare with Eq. (3.3). The operator T˜ e−iHt/Nh¯ reads
8now
T˜ e−iHt/Nh¯
=
1
2
[
(T↑↑ + T↓↓) cos
θ
N
− i(T↑↓ + T↓↑) sin θ
N
]
+ σx
1
2
[
(T↑↓ + T↓↑) cos
θ
N
− i(T↑↑ + T↓↓) sin θ
N
]
+ σy
i
2
[
(T↑↓ − T↓↑) cos θ
N
− i(T↑↑ − T↓↓) sin θ
N
]
+ σz
1
2
[
(T↑↑ − T↓↓) cos θ
N
− i(T↑↓ − T↓↑) sin θ
N
]
(A.5)
and its eigenvalues ξ±(N) are given by
ξ±(N) = C ±
√
C2 − (T↑↑T↓↓ − T↑↓T↓↑), (A.6a)
with
C =
1
2
[
(T↑↑ + T↓↓) cos
θ
N
− i(T↑↓ + T↓↑) sin θ
N
]
.
(A.6b)
A calculation similar to that in Sec. III yields the survival
probability
P˜ (N)(θ)
=
∣∣∣∣A(N)−B(N)
(
T↓↓ cos
θ
N
− iT↓↑ sin θ
N
)∣∣∣∣
2
+
∣∣∣∣B(N)
(
T↓↓ sin
θ
N
+ iT↓↑ cos
θ
N
)∣∣∣∣
2
, (A.7)
where A(N) and B(N) are defined as in Eqs. (3.11a) and
(3.11b), respectively, but with the eigenvalues ξ±(N) in
Eqs. (A.6). For |T↓↓|, |T↑↓|, |T↓↑| ≪ |T↑↑|, the probability
(A.7) is readily evaluated as
P˜ (N)(θ) ≃ |T↑↑|2N
(
cos
θ
N
)2N
×
[
1− 2Re
(
T↓↓
T↑↑
)
(N − 1) tan2 θ
N
+ 2 Im
(
T↑↓
T↑↑
)
N tan
θ
N
+ 2 Im
(
T↓↑
T↑↑
)
(N − 1) tan θ
N
+ · · ·
]
,
(A.8)
which shows that the probability P˜ (N)(θ) is again dom-
inated by the factor (3.15) (with |T↑| replaced by |T↑↑|),
and the spin-flips at the mirrors yield only a first-order
correction.
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